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Congruences and recursions for the cubic partition
Shane Chern and Manosij Ghosh Dastidar
Abstract. Let p2(n) denote the number of cubic partitions. In this paper, we shall present
two new congruences modulo 11 for p2(n). We also provide an elementary alternative proof
of a congruence established by Chan. Furthermore, we will establish a recursion for p2(n),
which is a special case of a broader class of recursions.
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1. Introduction
A partition of a natural number n is a nonincreasing sequence of positive integers
whose sum equals n. Let p(n) be the number of partitions. Among Ramanujan’s
discoveries, the following identity:
∑
n≥0
p(5n+ 4)qn = 5
(q5; q5)5∞
(q; q)6∞
,
is regarded as his “Most Beautiful Identity” by both Hardy and MacMahon; see
[11, p. xxxv]. Here as usual we denote
(a; q)∞ =
∏
n≥0
(1 − aqn).
This identity immediately leads to the following famous congruence:
p(5n+ 4) ≡ 0 (mod 5).
Ramanujan also discovered two congruences with different moduli, namely
p(7n+ 5) ≡ 0 (mod 7),
p(11n+ 6) ≡ 0 (mod 11).
Motivated by Ramanujan’s result, Chan [4] introduced the notion of cubic par-
tition of nonnegative integers. Let p2(n) be the number of such partitions. Its
generating function is given by∑
n≥0
p2(n)q
n =
1
(q; q)∞(q2; q2)∞
, |q| < 1. (1.1)
From an identity on the Ramanujan’s cubic continued fraction, Chan established
the following elegant identity:
∑
n≥0
p2(3n+ 2)q
n = 3
(q3; q3)3∞(q
6; q6)3∞
(q; q)4∞(q
2; q2)4∞
, (1.2)
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which immediately implies
p2(3n+ 2) ≡ 0 (mod 3). (1.3)
Later on, many authors studied other Ramanujan-like congruences for p2(n). For
example, Chen and Lin [5] found four new congruences modulo 7 by using modular
forms, whereas Xiong [12] established sets of congruences modulo powers of 5.
We will present two new congruences modulo 11 next in Sect. 2. Then in Sect. 3,
we will provide an elementary alternative proof of (1.3). At last, we will establish
a recursion for p2(n), which is a special case of a broader class of recursions.
2. New congruences modulo 11 for p2(n)
In this section, we shall present two new congruences modulo 11 for p2(n). Unlike
previous congruences modulo 5 or 7, the two congruences are of the type p2(297n+
t), with 297 = 33 × 11 not being the square of 11. Our result is
Theorem 2.1. For any nonnegative integer n,
p2(297n+ t) ≡ 0 (mod 11), (2.1)
where t = 62 and 161.
To prove the two congruences, we need to use a result of Radu and Sellers [10,
Lemma 2.4], which can be tracked back to [9, Lemma 4.5]. Before introducing the
result of Radu and Sellers, we will briefly interpret some notations.
Let Γ := SL2(Z). For a positive integer N , the congruence subgroup Γ0(N) of
level N is defined by
Γ0(N) =
{(
a b
c d
) ∣∣∣∣ c ≡ 0 (mod N)
}
.
It is known that
[Γ : Γ0(N)] = N
∏
p|N
(1 + p−1).
Moreover, we write
Γ∞ =
{(
1 h
0 1
) ∣∣∣∣ h ∈ Z
}
.
For a positive integerM , let R(M) = {r : r = (rδ1 , . . . , rδk)} be the set of integer
sequences indexed by the positive divisors 1 = δ1 < · · · < δk = M of M . Let m be
a positive integer and [s]m the set of all elements congruent to s modulo m. Let Z
∗
m
denote the set of all invertible elements in Zm, and Sm denote the set of all squares in
Z
∗
m. For t ∈ {0, . . . ,m−1}, let ⊙r be the map S24m×{0, . . . ,m−1}→{0, . . . ,m−1}
with
([s]24m, t) 7→ [s]24m⊙rt ≡ ts+
s− 1
24
∑
δ|M
δrδ (mod m),
and write Pm,r(t) = {[s]24m⊙rt | [s]24m ∈ S24m}.
Denote by ∆∗ the set of tuples (m,M,N, t, r = (rδ)) satisfying conditions given
in [10, p. 2255]. Let κ = κ(m) = gcd(m2 − 1, 24). We set
pm,r(γ) = min
λ∈{0,...,m−1}
1
24
∑
δ|M
rδ
gcd2(δ(a+ κλc),mc)
δm
,
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and
p∗r′(γ) =
1
24
∑
δ|N
r′δ gcd
2(δ, c)
δ
,
where γ =
(
a b
c d
)
, r ∈ R(M), and r′ ∈ R(N).
Let
fr(q) :=
∏
δ|M
(qδ; qδ)rδ∞ =
∑
n≥0
cr(n)q
n
for some r ∈ R(M). The lemma of Radu and Sellers is given as follows.
Lemma 2.2. Let u be a positive integer, (m,M,N, t, r = (rδ)) ∈ ∆
∗, r′ = (r′δ) ∈
R(N), n be the number of double cosets in Γ0(N)\Γ/Γ∞ and {γ1, . . . , γn} ⊂ Γ be
a complete set of representatives of the double coset Γ0(N)\Γ/Γ∞. Assume that
pm,r(γi) + p
∗
r′(γi) ≥ 0 for all i = 1, . . . , n. Let tmin := mint′∈Pm,r(t) t
′ and
v :=
1
24



∑
δ|M
rδ +
∑
δ|N
r′δ

 [Γ : Γ0(N)]−∑
δ|N
δr′δ

− 1
24m
∑
δ|M
δrδ −
tmin
m
.
Then if
⌊v⌋∑
n=0
cr(mn+ t
′)qn ≡ 0 (mod u),
for all t′ ∈ Pm,r(t), then∑
n≥0
cr(mn+ t
′)qn ≡ 0 (mod u),
for all t′ ∈ Pm,r(t).
Proof of Theorem 2.1. By the binomial theorem and (1.1), one readily sees that
∑
n≥0
p2(n)q
n ≡
(q; q)10∞
(q2; q2)∞(q11; q11)∞
=:
∑
n≥0
g2,11(n)q
n (mod 11). (2.2)
We first consider the case of p2(297n+ 62), and set
(m,M,N, t, r = (r1, r2, r11, r22)) = (297, 22, 66, 62, (10,−1,−1, 0)) ∈ ∆
∗.
By the definition of Pm,r(t), we obtain
Pm,r(t) = {t
′ | t′ ≡ ts− (s− 1)/8 (mod m), 0 ≤ t′ ≤ m− 1, [s]24m ∈ S24m} .
We readily verify that Pm,r(t) = {62}, and set
r′ = (r′1, r
′
2, r
′
3, r
′
6, r
′
11, r
′
22, r
′
33, r
′
66) = (4, 2, 0, 0, 0, 1, 0, 0).
Now let
γδ =
(
1 0
δ 1
)
.
It follows by [10, Lemma 2.6] that {γδ : δ | N} contains a complete set of repre-
sentatives of the double coset Γ0(N)\Γ/Γ∞. Since all these constants satisfy the
assumption of Lemma 2.2, we obtain the upper bound ⌊v⌋ = 88. Through a similar
process, one may see the the upper bound ⌊v⌋ for the p2(297n+ 161) case is also
88. By Lemma 2.2, we only need to verify terms up to this bound.
4 S. Chern and M. G. Dastidar
Now we will complete our proof with the help of Mathematica. We first note
that
p2(n) =
∑
i+2j=n
i,j≥0
p(i)p(j).
Note also that p(n) is computable by the Mathematica function PartitionsP. One
readily verifies that (2.1) holds for both t = 62 and 161 when n ≤ 88. This ends
the proof of Theorem 2.1. 
Remark 2.1. It is still natural to ask if there are elementary proofs of the two
congruences. Considering the difficulty of finding 11-dissection formulas for some
q-series products, we leave this as an open problem.
3. An elementary alternative proof for Chan’s congruence
Although we fail to give an elementary proof for our Theorem 2.1, we do find an
elementary alternative proof for Chan’s congruence (1.3).
Note that∑
n≥0
p2(n)q
n =
1
(q; q)∞(q2; q2)∞
=
∏
n≥1
1
1− qn
∏
n≥1
1
1− q2n
=
∏
n≥1
1− qn
1 + qn

∏
n≥1
1
1− qn


3
.
It is well known that∑
n≥0
s(n2)qn
2
:= 1 + 2
∑
n≥1
(−q)n
2
=
∏
n≥1
1− qn
1 + qn
;
see [3, Chapter 16, Entry 22(i)] and [3, Chapter 16, Eq. (22.4)]. We therefore have
p2(n) =
∑
m2+i+j+k=n
m,i,j,k≥0
s(m2)p(i)p(j)p(k). (3.1)
Since 3n+ 2−m2 ≡ 1 or 2 (mod 3), at least two of i, j, k, the solution to
i+ j + k = 3n+ 2−m2, (3.2)
are distinct. If the pairwise distinct triple (i, j, k) is a solution to (3.2), then any
permutation of (i, j, k) [viz., (j, k, i), etc.] is a solution to (3.2). If i = j 6= k, then
(i, k, i) and (k, i, i) are also solutions to (3.2). We therefore obtain
p2(3n+ 2) =6
∑
m2+i+j+k=3n+2
m≥0,i>j>k≥0
s(m2)p(i)p(j)p(k)
+ 3
∑
m2+i+j+k=3n+2
m,i,j,k≥0, i=j 6=k
s(m2)p(i)p(j)p(k). (3.3)
This leads to
Theorem 3.1 (Chan). For any nonnegative integer n,
p2(3n+ 2) ≡ 0 (mod 3). (3.4)
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4. Recursion for the cubic partition
We know that the popular recursion of p(n) links partitions to the divisor function.
In this section, we wish to show that a similar recursion applies to p2(n). Actually,
this is a special case of recursions for two-color partitions where one of the colors
appears only in parts that are multiples of k. Let pk(n) denote the number of such
partitions. According to [1], its generating function is∑
n≥0
pk(n)q
n =
1
(q; q)∞(qk; qk)∞
, |q| < 1. (4.1)
For properties of pk(n), the reader may refer to [1, 6].
Recall that Ford’s recursion for p(n) is as follows:
p(n) =
1
n
n∑
m=1
σ(m)p(n−m), (4.2)
where σ(n) =
∑
d|n d; see [8]. The reader may also refer to the papers of Erdo¨s
[7] and Andrews and Deutsch [2] for other interesting aspects of this identity. Let
σ(k)(n) denote the sum of k-labeled divisors of n, that is, the multiples of k have
two labels. For example, σ(2)(4) = 1 + 21 + 22 + 41 + 42 = 13. Our result is
Theorem 4.1. For any nonnegative integer n,
pk(n) =
1
n
n∑
m=1
σ(k)(m)pk(n−m). (4.3)
Proof. Taking
F (q) =
∑
n≥0
pk(n)q
n,
then
qF ′(q) =
∑
n≥1
npk(n)q
n.
Let G(q) = 1/F (q) =
∏
n≥1{(1− q
n)(1− qkn)}, we have
qF ′(q) = −q
G′(q)
G(q)2
= −q
G′(q)
G(q)
F (q). (4.4)
Note that
−q
G′(q)
G(q)
= −q (logG(q))
′
=
∑
n≥1
nqn
1− qn
+
∑
n≥1
knqkn
1− qkn
.
It is also known that
nqn
1− qn
=
∑
k≥1
nqkn,
we therefore obtain
−q
G′(q)
G(q)
=
∑
n≥1


∑
d|n
d+
∑
d|n
k|d
d

 qn =
∑
n≥1
σ(k)(n)qn.
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Combining it with (4.4), one immediately sees that
npk(n) =
n∑
m=1
σ(k)(m)pk(n−m).
This ends the proof of Theorem 4.1. 
References
1. Z. Ahmed, N. D. Baruah, and M. G. Dastidar, New congruences modulo 5 for the number of
2-color partitions, J. Number Theory 157 (2015), 184–198.
2. G. E. Andrews and E. Deutsch, A note on a method of Erdo¨s and the Stanley-Elder theorems,
Integers 16 (2016), Paper No. A24, 5 pp.
3. B. C. Berndt, Ramanujan’s notebooks. Part III, Springer-Verlag, New York, 1991. xiv+510
pp.
4. H.-C. Chan, Ramanujan’s cubic continued fraction and an analog of his “most beautiful
identity”, Int. J. Number Theory 6 (2010), no. 3, 673–680.
5. W. Y. C. Chen and B. L. S. Lin, Congruences for the number of cubic partitions derived from
modular forms, Preprint, arXiv:0910.1263, 15 pp.
6. S. Chern, New congruences for 2-color partitions, J. Number Theory 163 (2016), 474–481.
7. P. Erdo¨s, On an elementary proof of some asymptotic formulas in the theory of partitions,
Ann. of Math. (2) 43 (1942), 437–450.
8. W. B. Ford, Two theorems on the partitions of numbers, Amer. Math. Monthly 38 (1931),
no. 4, 183–184.
9. S. Radu, An algorithmic approach to Ramanujan’s congruences, Ramanujan J. 20 (2009), no.
2, 215–251.
10. S. Radu and J. A. Sellers, Congruence properties modulo 5 and 7 for the pod function, Int.
J. Number Theory 7 (2011), no. 8, 2249–2259.
11. S. Ramanujan, Collected papers of Srinivasa Ramanujan, AMS Chelsea Publishing, Provi-
dence, RI, 2000. xxxviii+426 pp.
12. X. H. Xiong, The number of cubic partitions modulo powers of 5 (Chinese), Sci. Sin. Math.
41 (2011), no. 1, 1–15.
(S. Chern) School of Mathematical Sciences, Zhejiang University, Hangzhou, 310027,
China
E-mail address: shanechern@zju.edu.cn; chenxiaohang92@gmail.com
(M. G. Dastidar) Department of Mathematical Sciences, Pondicherry University, R.
V. Nagar, Kalapet, Puducherry, PIN-605014, India
E-mail address: gdmanosij@gmail.com
